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where Q=ma/d s . 
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Since CN/d is small we may neglect it 

„ 2m. CN 2macos<p - rt 
.-./=— 35— = —55- =2 <*»«■?• 

Now let/=horJzontal,/'=vertieal components. 
.•. /=/sin9»+/' cos£»— 3Qsin<pcos<p=-£Qsin2<p. 

/' — /cos«p— f ' sin<p=Q(2cos 8 cp— sin 8 ^)=Q(3cos 8 <p— 1). 

OIOPHANTINE ANALYSIS. 

68. Proposed by H. A. OSUBER, A. M„ War Department, Washington, D. C. 

Find a, general value for p in the expression 4p + l=the sum of two squares. 

I. Solution by J. H. DRtJMMOND, LL. D„ Portland, He., and G. B. M. ZEBR, A. M., Ph. D„ Professor ol 

Science and Mathematics, Chester High School, Chester, Pa. 

Since 4p f 1 is odd one of the squares must be even and the other odd. 
Take 2g+l as one of the numbers and 2s for the other, and we have 4q i +4q+l 
-f4s 8 — 4p + l. Hence p~q*+q+s* in which q may be zero or any number; and 
8 any number. 

II. Solution by the PROPOSER. 

From a table in which I have all the odd numbers, up to 12013, that are 
equivalent to the sum of two squares, I find by inspection that all the values for 

4p + l can be obtained by making p— s — -H ^ — -, in which n>a. 

Whence 4 [^±H+ a(fl + 1) ] + l=( n + a + l) 8 +(n-a) 8 . (I). 

When o=0, we have 4J ^ — - 1 + 1— {n+l) i +n t ; and we obtain the 

series of values 5, 13, 25, 41, 61, 85, etc. 

When a=l, we have 4 ^ w + 1 ) + l~J + lz=( m + 2) 8 +(»-!)«; and we ob- 
tain the series of values 17, 29, 45, 65, 89, 117, etc. 
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When a=2,wehave 4 ^( w + 1 ) + 3~J + 1=(« + 3) 8 +(m-2)2; and we ob- 
tain the series of values 37, 53, 73, 97, 125, 157, etc. 

We observe that the development of 4p + l occurs in series ; the number of 
terms in each series as well as the number of series being infinite. 

We also notice that the number of series=a + l. Now put r=n— a. We 
then readily deduce that the rth term of any series 

B4 [ tr+«)(r+a+l) + gO ! +13 L -| + ls=(f + 2B+1) . +r , j (JI) 

For the numerical development of 4p + l, Formula II is better adapted 
than Formula I, as the values of r and a are independent of each other. But we 
can still improve a little, in this direction. Put A"=a+l=l/ie number of the series. 

Then (A), the rth term of the iVth series, and also, (B), the Nth term of 
the rth series 

^N+rtS+r-l^ mN-U ] +1=4 [ iV(iV+r _ 1) + *=±!] + i 

=(2iV4r-l) 2 + r2. (III). 

From this we observe that there are two forms of series embodied in one 
formula, each form, however containing all the values of 4p + l. 

The one form, of which we have already treated and in which r=the con- 
secutive integers for each value of N, or for each series, we shall designate 
as "Series A." 

The other form, in which i\T=the consecutive integers for each value of r, 
or for each series, we shall term "Series B." 

The first series of "Series B" consists of the first terms of the consecutive 
series of "Series A"; as 5, 17, 37, 65, 101, 145, etc. 

The second series of "Series B" consists of the second terms of the consec- 
utive series of "Series A"; as 13, 29, 53, 85, 125, 173, etc.; and so on for the re- 
spective series. 

Two other values of p, in Formula III, are 

(2A- + r)(r-l) + iy3 ^ . ( ^ .^ Kr+1)_ 



obtained by different arrangement of terms and factoring. The two values are 

C(2N+r)(r— 1)~\ 
~ I is the difference between the rth and first terms 

in "Series A," and 4(iV— l)(iV-fr) is the difference between' the Nth and first 
terms of "Series B." 
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We have also a general formula for finding consecutively the terms of a 
series : — 

In "Series A", rth term + 4(N+r)—r+ lth term. 

In "Series 23", JVth term + 4(2N+r)=N+ lth term. 

The following mathematical diversions may be interesting as bearing upon 
this problem. 

Knowing the first series in "Series A", we can find the other series con- 
secutively by means of the following rule : Add to each term of the last found 
series, omitting the first term, the number of the series times 4, or 42V ; as 

First series 5, 13, 25, 41, 61, 85, 113, etc. 

Add 1x4 4, 4, 4, 4, 4, 4, 

Second series 17, 29, 45, 65, 89, 117, etc. 

Add 2x4 8, 8, 8, 8, 8, 

Third series 37, 53, 73, 97, 125, etc., etc. 

The number of the series=2V— $j/(lst term — 1); or 42V 2 + l=lst term. 



In "Series £", 4[-^^-"j + l=lst term. 



The following is a most interesting deduction from Formula III. 
(1), (22V+r-l) 2 +r 2 =(22V-l)(2A T +2r-l) + 2r 2 =2r(2iV + r-l) + (22V-l) i! , 
(2), [(2N-\)(2N + 2r-l)y + [2r(2N-i-r-l)Y={(2N+r-l) s +r l y, or = the 
square of 4p + l— the sum of two squares. 

The application of these deductions gives rise to the annexed table, which 
I have constructed and extended to over three thousand numbers each equal to 
4p + l=the sum of two squares. It contains every number of the kind up 
to 12013— 77 s +78 2 . By means of the table we can readily find — 

(1). The two numbers the sum of whose squares=the given numerical 
value of 4p + 1 . 

(2). The two numbers the sum of whose squares=the square of the given 
numerical value of 4p + 1. 

The first column consists of the consecutive values of r, and is called the 
"r column" of consecutive integers. 

The other columns are the consecutive series of "Series A," 

The first row is the "N row" of consecutive integers. 

The second row is the "22V— -1 row" of consecutive odd numbers. 

The other rows are Ihe consecutive series of "Series B." 

The number of the column of values of 4p + l is indicated at its top by the 
value of N ; and the number of the row of values is shown at its left by the value 
of r. 

In using the table, all mention of values of r, 2V, and 22V— 1, refer to the 
respective values in the samerow and the same column in which is found the given 
value of 4p + l. 

To find the two numbers the sum of whose squares=4p + 1 ; one of 
the numbers=r+22V— 1 and the other number=r. Take 97, at the intersection 



243 

of column 3 with row 4. Then 4 + 5=9=-one number, and 4=the other number; 
97=9*+ 4 s . 

To find the two numbers the sum of whose squares=the square of 4p + l ; 
one of the numbers^=4jj+l— 2r s , and the other number=4j)+l— (2iV— l) 8 . 

Take 97. Then 97— 2x4 s =65=one of the numbers, and 97— 5 a =72; 
97 2 =65 8 +72 s . 

Table op Values of 4p + 1=TheSum of Two Squares. 
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MISCELLANEOUS. 



62. Proposed by 6. B. M. ZEEE, A. M., Ph. D„ Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

A tube of uniform cross section, small compared with its length, is bent 

into the form of a cycloid, its open ends lying at the cusps, and this cycloid is 

placed with its axis vertical and its vertex downwards. Equal quantities of fluids 

of specific gravity ff, and <f 8 are poured in at the two cusps, the quantity of each 

being such as would fill a length of the tube equal to its axis a. If the fluids do 

not mix, find the distance x,, x % of the upper levels of the fluids from the vertex 

measured along the cycloidal arc. [Prom Procter's Geometry of the Cycloid.] 



